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Abstract 

We define partial differential (PD in the following), i.e., field theoretic, ana- 
logues of hamiltonian systems on abstract symplectic manifolds and study their 
main properties, namely, PD-Hamilton equations, PD-Noether theorem, PD- 
Poisson bracket, etc.. Unlike in standard multisymplectic approach to hamiltonian 
field theory, in our formalism, the geometric structure (kinematics) and the dy- 
namical information on the "phase space" appear as just different components of 
one single geometric object. 

Introduction 

First order lagrangian mechanics can be naturally generalized to higher order lagrangian 
field theory. Moreover, the latter can be presented in a very elegant and precise algebro- 
geometric fashion [1]. In particular, it is clear what all the involved geometric structures 
(higher order jets, Cartan distribution, ^-spectral sequence, etc., [T], [2]) are. On the 
other hand it seems to be quite hard to understand what the most "reasonable, un- 
ambiguous, higher order, field theoretic generalization" of hamiltonian mechanics on 
abstract symplectic manifolds is. Actually, there exists a universally accepted general- 
ization of the standard mechanical picture 

lagrangian mechanics on TQ =^ hamiltonian mechanics on T*Q^ 

Q being a smooth manifold, to the picture 

lagrangian field theory on J^vr =^ hamiltonian field theory on ^vr, (1) 
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TT being a fiber bundle, J^n its first jet space and its multimomentum space [3] (see 
also [4], and [5| for a recent review). Picture ^ includes, in particular, a generalization 
of the Legendre transform. Along this path an analogous structure of the symplectic 
structure on T*Q, which has been named the muUisymplectic structure of (see, 
for instance, [6j), has been discovered. A whole literature exists about properties of 
such structure, which is generically referred to as muUisymplectic geometry of (see 
references in [5]). In particular, efforts were made to find multisymplectic analogues 
of all properties of T*Q (including, for instance, the Poisson bracket [Zl El [H [IHl ITT]). 
Now, it is natural to wonder if it is possible to reasonably further generalize in two 
different directions. The first one is towards a picture 

lagrangian field theory on J°°7r =^ higher order hamiltonian field theory, (2) 

J°°7r being the ooth jet space of tt, including a higher order generalization of the Leg- 
endre transform. There is no universally accepted answer about picture (El) (see, for 
instance, [12], [131 [HI [IS, [161 [ITJ [IHl [E] and references therein). Most often they involve 
the choice of some extra structure other than the natural ones on J°°7r. Recently, we 
proposed in [20] an answer that is free from such ambiguities. 

The second direction in which to generalize picture ^ can be illustrated as fol- 
lows. T*Q is just a very special example of (pre) symplectic manifold. Actually hamil- 
tonian mechanics can be (and should, in some cases pi]) formulated on abstract 
(pre) symplectic manifolds. Similarly, it is natural to wonder if there exists the con- 
cept of abstract multi (pre) symplectic manifolds in such a way that hamiltonian field 
theory could be reasonably formulated on them. In the literature there can be found 
some proposals of should be abstract multi (pre) symplectic manifolds (see, for instance, 
[221 [23]). In particular, definitions have been given in such a way to be able to prove mul- 
tisymplectic analogues of the celebrated Darboux lemma [2ll[25|. The recent definitions 
by Forger and Gomes [25] appear to be the most satisfactory in that they are "minimal" 
on one side and duly model in an abstract fashion the relevant geometric properties 
of on the other side. In their work Forger and Gomes illustrate, in particular, 
the role played by fiber bundles in the should be definition of multi (pre) symplectic 
structure. The next step forward should be to formulate hamiltonian field theory on 
multisymplectic bundles. 

In this paper we present our own proposal about what should be an abstract, first 
order, hamiltonian field theory. We call such proposal the theory of partial differ- 
ential {PD in the following) hamiltonian systems so to 1) stress that it is a natural 
generalization of the theory of hamiltonian systems on abstract symplectic manifolds, 
2) distinguish it from the special case of hamiltonian field theory on ^vr. A PD- 
hamiltonian system encompasses both the kinematics (encoded, in picture ([I]), by the 
multisymplectic structure in ^tt) and the dynamics (encoded, in picture ([I]), by the so 
called hamiltonian section [5j) which appear as just different components of one single 
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geometric object. Namely, the main difference between a PD-hamiltonian system and a 
multi(pre)symplectic structure (whatever the reader understand for this) is the dynam- 
ical content of the former (as opposed to the just kinematical one of the latter). Notice 
that this idea is already present in literature |26| . However, our formalism differs from 
the one in [26] in that it is adapted to the fibered straucture of the manifold of "field 
variables ". 

The paper is divided into 6 sections. In Section [U we collect our notations and con- 
ventions and recall basic differential geometric facts that will be used in the main part 
of the paper. 

In Sections [2] we define what we call affine forms on fiber bundles. The introduction 
of affine forms can be motivated as follows. Trajectories in hamiltonian mechanics are 
curves, whose 1st derivative at a point is naturally understood as a tangent vector. In 
their turn, tangent vectors can be inserted into differential forms and, in particular, 
a symplectic one, and Hamilton equations are written in terms of such an insertion. 
Trajectories in field theory are sections of a fiber bundle a : P — > M, whose 1st 
derivative at a point is naturally understood as a point in J^a. In their turn, points 
of J^a can be inserted into affine forms and, in particular, a PD-hamiltonian system 
(see Section HI), and PD-Hamilton equations are written in terms of such an insertion. 
Recall now that the natural projection J^a — ^ P is an affine bundle whose sections are 
naturally interpreted as (Ehresmann) connections in a. Thus, connections and affine 
geometry play a prominent role in the theory of PD-hamiltonian systems. The affine 
geometry is hidden in standard hamiltonian mechanics by an a priori choice of the 
parametrization of the time axis (see [27l [28|, and references therein, for the role of 
affine geometry in theoretical mechanics). Similarly, even if the role of connections in 
field theory has been often recognized (see, for instance, [29l[30]), their affine geometry 
is sometimes hidden in hamiltonian field theory on ^ir by the use of multivectors, or 
even decomposable ones [HI], [S^ (which is just a multidimensional analogue of choosing 
a parameterization of time). Actually, we show in Subsection 12.31 that affine forms can 
be understood as standard differential forms of a special kind. Nevertheless, we prefer 
to keep the distinction for foundational reasons. 

In Section [3] we discuss standard operations with affine forms. Essentially because of 
the interpretation of affine forms as standard differential forms we mentioned above, 
some of this operations (for instance, the insertion of a connection into an affine form 
p3j, or the differential of an affine form) were actually already defined in the literature, 
or can be understood as standard operations with forms. We stress again that we will 
keep the distinction. Finally, we discuss relevant affine form cohomologies proving an 
affine form version of the Poincare lemma. 

In Section [4] we introduce PD-(pre)hamiltonian systems, discuss their geometry and 
the geometry of the associated PD-Hamilton equations, with some references to the 
singular, constrained case (see [3H [35l [36l [37] for an account of the constraint algorithm 
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in first order field theory). For completeness, we also relate PD-hamiltonian systems to 
multi(pre)symplectic structures a la Forger [25] and the calculus of variations. 

In Section [5] we introduce PD-Noether symmetries and currents of a PD-hamiltonian 
system. In view of the dynamical content of the latter we are able to prove a 
Noether theorem (see also [38]). Moreover, there is a natural Lie bracket (named 
PD-Poisson bracket) among PD-Noether currents. As already mentioned, multisym- 
plectic analogues of the Poisson bracket have been already discussed in the literature 
[Zl El m [ini [H]. However, we emphasise here the dynamical nature of PD-Poisson 
bracket (see also [39l[40]). Namely, such bracket is just part of the Peierls bracket [40] 
among conservation laws of the underlying lagrangian theory and we don't try to ex- 
tend it to non-conserved currents. Indeed, our opinion is that the existence of a Poisson 
bracket among non-conserved functions in hamiltonian mechanics is essentially due to 
the existence of a preferred hamiltonian system on any symplectic manifold A^, i.e., the 
one with hamiltonian, for which every function on iV is a conservation law. Finally 
we discuss the (gauge) reduction of a degenerate (but unconstrained) PD-hamiltonian 
system. 

In Section [6] we propose few examples of PD-hamiltonian systems, including the com- 
putation of their PD-Noether symmetries and currents or, in one case, their reduction. 

1 Notations and Conventions 

In this section we collect notations and conventions about some general constructions 
that will be used in the following. 

Let iV be a manifold. We denote by C°°(A^) the M-algebra of smooth, R- valued 
functions on A^. A vector field X over A^ will be always understood as a derivation 
X : C°°(A^) — > C^{N). We denote by T){N) the C~(Ar)-module of vector fields 
over A^, by A(M) = 0^ A'^(A^) the graded R-algebra of differential forms over A^, by 
d : A(A^) — > A{N) the de Rham differential, and by H{N) = ^j^H''{N) the de 
Rham cohomology. If F : A^i — > A^ is a smooth map of manifolds, we denote by 
F* : A(A^) — > A(A'i) its pull-back. We will understand everywhere the wedge product 
A of differential forms, i.e., for G A(A^), instead of writing u A t^i, we will simply 

write uJUJi. We assume the reader to be familiar with Frolicher-Nijenhuis calculus on 
form valued vector fields (insertion izuj of a form valued vector field Z into a differential 
form u, Lie derivative L^o; of a differential form u along a form valued vector fields Z, 
Frolicher-Nijenhuis bracket, etc., see, for instance, [Hj). 

Let zu : W — > A^ be an affine bundle (or, possibly, a vector bundle) and F : Ni — > N 
a smooth map of manifolds. The affine space of smooth sections of zu will be denoted 
by T{w). For x G A^, we put, sometimes, r(iu)|a; := zxj^^{x) and, for x ^ r(ro), we 
also put Xx '■= x{^)- The affine bundle on A^i induced by zu via F will be denote by 
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w\f '■ W\f 



N: 



W\ 



We also denote V{vd')\p := r(w|^). For any section s G r(ti7) there exists a unique 
section, which abusing the notation we denote by s\f G r(ti7|i7'), such that the diagram 



W\ 



s\f 



commutes. Elements in T{zu)\f are called sections of zu along F. If F is an embedding 
iz!\f, T{zu)\f and s\f will be referred to as the restriction to Ni of zu, T{zu) and s, 
respectively. If vji : Wi — > N is an other affine bundle and A : r(ti7) — > r(roi) is an 
affine map then there exists a unique affine map A\f : T{zj)\f — ^ T{toi)\F such that 
A\f{s\f) = A{s)\f for all s E T{w). 

Let a : P — ^ M be a fiber bundle. A vector field X G D(P) is called a-projectable 
iff there exists X G D(P) such that X o a* = a* o X. X is called the a-projection of 
X. a-projectable vector fields form a Lie subalgebra in D(P) denoted by Dy(P, a) (or 
simply Dy if this does not lead to confusion). An a-projectable vector field projecting 
onto the vector field is an a-vertical vector field, a- vertical vector fields form an ideal 
in Dy denoted by VD{P, a) (or simply V"D). Notice that, if a has connected fiber, then 
Dy is the stabilyzer of VD in D(P), i.e., Dy = {X G D(P) | [X, l^D] C VB}. 

Let a : P — > M be as above, dimM = n, dimP = m + n. Denote by ai : 
J^a — > M the bundle of 1-jets of local sections of a [42l [2], and by ai o : J^a — > P 
the canonical projection. For any local section a : U — > P of a, U G M being 
an open subset, we denote hj & : U — > J^a its 1th jet prolongation. Any system 
of adapted to a coordinates (. . . , x*, . . . , y", . . .) on P, . . . ,x\ . . . being coordinates on 
M and ...,?/",... fiber coordinates on P, gives rise to the system of jet coordinates 
(. . . , x*, . . . , m", . . . , ?/f , . . .) on J^a, i = 1, . . . , n, a = 1, . . . , m. Recall that ai,o is an 
affine bundle and a section V : P — > J^a of it is naturally interpreted as a (Ehresmann) 
connection in a. We assume the reader to be familiar with the geometry of connections 
(see, for instance, [?,[41]). V is locally represented as 



V:y; 



V", 



being local functions on P. The space r(ai o) of all such sections will be 
also denoted by C(P, a) (or simply C). 
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Let a : P — > M be as above, a' : P' — > M another fiber bundle and G : P — > P' 
a bundle morphism (over the identity id^ : M — > M), i.e., a smooth map such that 
a' o G = a. First of all, recall that there exists a unique bundle morphism jiG : 
J^a — > J^a' such that jiG o & — {G o a)' for all local sections a of a. jiG is the first 
jet prolongation of G and diagram 




commutes. Now, a connection V G C{P,a) and a connection V G C{P',a') are said 
G-compatible iff V o G = jiG o V. 
Let 



— > J^i+i — > ■ ■ ■ 

be a complex. Put K := 0^ Ki and 5 := 0^ 5;. We denote by H{K, 5) := 0^ H^{K, S), 
the cohomology space of {K, 5), H\K, 6) := ker 5;/ im(5;_i. 

Let ^4 be a commutative R-algebra, M, Mi be A-modules and A an affine space 
modelled over M. We denote by Aff^(A,Mi) (resp. HomA(M, Mi)) the A-module 
of affine (resp. A-linear) maps A — > Mi (resp. M — > Mi). If e ASa{A, Mi), 
its linear part is an element in Homyi(iVf , Mi). 

Let m,r be positive integers and . . . ,Aa-^...a^, ... be elements in a real vector space, 
ai, . . . ,ar — 1, ■ ■ ■ ,m. We denote by ... , A[a-i^...a^], . . . their skew-symmetrization, i.e., 

^[ai-ar] •= ^('^)^aa(i)---«o-(r)' 
a£Sr 

Sr being the group of permutations of {1, . . . , r} and 6{a) the sign of cr G Sr. 

We denote by ~ (resp. ~) a canonical (resp. non-canonical) isomorphism between 
algebraic structures and by = an equivalence of notations. For instance, for a : P — > M 
as above, VD = VD{P, M). Finally, we understand the sum over upper-lower pairs of 
repeated indexes. 



2 AfRne Forms on Fiber Bundles 
2.1 Special Forms on Fiber Bundles 

Let a : P — ^ M be a fiber bundle, A := C°^{P), Aq := C^{M), a;^ . . . , coordinates 
on M, dimM = n, and y^, . . . ,y"^ fiber coordinates on P, dimP = n + m. In the 
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following we will often understand the monomorphism of algebras a* : — > A, whose 
image is made of functions on P which are constant along the fibers of a. Dy (resp. VD) 
is made of vector fields X locally of the form X = X^di + Y°-da (resp. X = Y"-da) where 
X* = X^{x^, . . . , x"-), di := d/dx\ i = 1, . . . ,n, da = d/dy'^, a = 1, . . . , m. 

Denote by Ai(P, a) = 0^A^(P, a) (or simply Ai = 0^Aj^) the differential (graded) 
ideal of differential forms on P vanishing when pulled-back to fibers of a, i.e., u G A^, 
A; > iff e A'=(P) and i^-^^^iuj) = for all x G M, ia-i(x) ■ a'^x) — > P being the 
embedding of the fiber a~^{x) of a through x G M. Moreover, denote by Ap(P, a) = 
0^Ap(P, a) (or simply Ap = 0^Ap) the p-th exterior power of Ai. For all k and 
p, Ap is made of differential fc-forms u such that {iy^ o ■ ■ ■ o 2yj._p^Jci; = for every 
Yi, . . . , Yk-p+i G VD or, which is the same, differential fc-forms u locally of the form 

l>0 

■ ■ ■ ,i^h-ij,+iai-ak-p-i, ■ ■ ■ being local functions on P, ii,...,ip+i = l,...,n, 
Oi, . . . , a^-p-i = 1, . . . , m. 

Denote by VA.(P, a) = 0^ VA'=(P, a) (or simply VA = 0^ VA'^) the quotient differen- 
tial algebra A(P)/Ai, with : VA — > VA its differential and with : A(P) 9 u i — > 
uj^ := o; + Ai G VA. the projection onto the quotient. Notice that d^ is Ao-linear. An 
element in VA'^ is locally of the form 

p"" = Pa,...ajV---dV, 

. . . , paj^...a^, . . . being local functions on P, and d^p^ is locally given by 

rfV = daPa,-a,dVdV " ' ' dV = dlaPa,-a,]dVdV " ' ' dV ■ 

Clearly, VA^ is the dual A-module of VD and VA its exterior algebra. In particular, 
elements in VA may be interpreted as multilinear, skew-symmetric forms on V^D. 

Denote by A(P, a) = 0^A'=(P,a) := 0^ A_| C A(P) (or simply A = 0fcA*^) the 
sub-algebra generated by A\. An element G A^ is locally of the form 

u = uji^...i^dx''^ ■ ■ ■ dx'^''. 

Notice that A is naturally isomorphic to A A(M) as an A- algebra. 

For any p, the quotient (graded) differential module Eq' = El'*{P,a) := Ap/Ap+i0 
is naturally isomorphic to VA A^ (or, which is the same, VA (g)^,, Ap(M)) via the 
correspondence 

E^''^ 3UJ + AlXl ^ w G VA^ ®A AP, (3) 

^This last notation is motivated by the fact that ^-modules E^'' are columns of the first term of 
the (cohomological) Leray-Serre spectral sequence of the fiber bundle a (see [i3]). 
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well defined by putting 



w(Y,,...,Yg) := {iYq0...oiY,){u) G A^ 

Yi, . . . ,Yq G V^D. In the following we denote by i^g'^ the qth homogeneous piece of Eq'', 
g G Z. According to the above said, VA ®a A (or, which is the same, VA A(M)) is 
the graded object associated with the filtration A(P) D Ai D ■ ■ ■ D Ap D ■ ■ ■ . As we 
will see in the next subsection, a connection in a allows one to identify such filtration 
with its graded object. 

Let us now focus on the ideals A„_i and A„. Put (fx := dx^ ■ ■ ■dx"' and d"'~^Xi := 
id^d'^x, so that dx^d^~^Xi = Sjd'^x, i,j = l,...,n. Then an element u G A^^"~^ 
(resp. uj G A^"*"*^"^) is locally in the form 

^ = ^...a/y"' ■ ■ ■ dy'^^d^-^i + uja,...a,^,dy''' ■ ■ ■ dy'^^-'d'^x 

(resp. 

^ = i^a,...aq-rdy^^ ■ ■ ■ dy"""' d^'x) , 

■ ■ ■ ^^ai...ag} ■ ■ ■ }^ai...ag-i, ■ ■ ■ bciug local fuuctious ou P. lu particular A^l^'J"^ 
(resp. A^"*"""^) is the module of sections of an [n(^^ + ('^~^)] (resp. ('^~^))-dimensional 
vector bundle over P. In few lines we will provide an alternative description of A„_i 
and A„ (Theorem [T|). In our opinion, such description is more suitable for a better 
understanding of the role of A„_i and A„ in first order field theories (see, for instance, 

my 

2.2 AfRne Forms 

Let V E C = C {P, a) . Recall, preliminarily, that C is an affine space modelled over the 
^-module A^ 0^ VD, or, which is the same, A^(M) ^D. V allows one to split the 
tangent bundle TP to P into its vertical part VP and a horizontal part H^P. denote 
by H^D{P,a) C D(P) (or simply H^D C D(P)) the submodule of V-horizontal vector 
fields. An element X G H^D is locally in the form X = X*Vi, where Vj := di + V"9a, 
i = 1, . . . , n. Splitting 

D(P) = VD® H^D (4) 

determines a splitting of the de Rham differential d : A(P) — > A(P) into a horizontal 
part c/v : A(P) — > A(P), and a vertical part d^ : A(P) — > A(P), d = d^/ + d^, 
where (resp. dy) is the Lie derivative along the horizontal-form valued vector 
field (resp. the form valued vertical vector field) Hy : A — > A^(P) (resp. Vv : 
A — > A^(P)) determined by V. Hy (resp. Vy) is locally given by ify = dx^Vi 
(resp. Vv = {dy"- — V^dx'^)da). Notice that (A(P), (iy, (iy) is not a bi-complex unless 
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V is flat. Splitting (Jlj) also determines an isomorphism 0v : 0^ A — > A(P) locally 
given by 

(/)v((i^|/"^ ■ ■ ■ rfV' ® ■ ■ ■ dx'^) = ^Z/"' ■ ■ ■ d'^y^^dx'' ■ ■ ■ dx'". 

In particular, for any there is an obvious projection py^ : A(P) — > Vh!^ ®a A^. 
For any A; > put 

:= Aff a(C, VA'^ A"). 
An element '{} G is locally given by 

. . . , '^a^ai---ak^ • • • ' '^ai ■ afc' • • • local fuuctious ou P. The linear part of an element '-^ G 
'fl''^^ is an element in the A-module 

HomA(A^ ®A VD, VA'' ®a A") ~ HomA(l^D, VA'' ®a A""^), 

where we identifled VA*^ A"~^ and HomA(A^, VA'^ ® A") via the isomorphism 

VA'' ® A"-i 9 a ® p I — ^ V5as5p G HomA(A\ VA'' ® A"), 

a G VA'^, p G A"~^, defined by putting 

^a^piv) ■= i-f(^^VP (^VA^ ^A"", 7]eA\ 

Put n''^^ = n''+\P,a) := VA'^+1 ®a A"-i. Similarly as above, can be embedded 
into HomA(V^D, VA*' ®a A"~^) via the correspondence 

Qk+i ^^'^p^ e HomA(l^D, I/A'^ ®A A"-i), (5) 

a' G VA'^, p G A"-\ defined by putting 

ip'^,^,{Y) := ® p G ^A^' ®a A"-\ F G V^D. 

In the following we will understand embedding ((51). 

Put also fiO = n%P, a) := A^-^, = fi°(P, a) := fiO, and for A; > 0, 

^k+i ^ ^k+i^p^ ^) _ 1^ ^ .^fc+i I ^ ^ ^fe+i|^ 

= fi(P,a) := 0g>ofi^ and = n{P,a) := 0,>oil''. Elements in n'' will be called 
fljffjne k-forms over a. A; > 0. It is easy to show that an element -(9 G 'fi'^^^ is an affine 
(A; + l)-form iff it is locally given by 

^(V) = (^L,..a, + " " " ® V G C. 
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, -aai-afe, • • ■ ^^^a^-a^, ■ ■ ■ being local functionS on P such that ^aa^...a^ "[aa^-a^l 



...,79 

i = 1, . . . , n, a, ai, . . . , Ofc = 1, . . . , m. 

According to the above said, the linear part ^ G fi'^^^ of is implicitly defined by the 
formula 

^{V + v^Y){Y,,...,Yk)-^{V){Y,,...,Yk) = G A", 

V G C, ?7 G A"~^ Y,Yi, . . . ,Yk E VD, and it is locally given by 



(-)* 



y 



k+1 "^ai-'-afe+i 

2.3 AfRne Forms and Differential Forms 



Xi 



(6) 



Let flQ{P,a) = 0g>o ^o{P:C() (or, simply, Qq = 0q>o ^o) be the kernel of the projec- 
tion Q 3 {} I — > ^E Q. Clearly, is canonically isomorphic to V^'^A ®^ A" for g > 
(and in the following we will understand such isomorphism), while Qq = 0. Moreover, 
(resp. fig) is the module of sections of an [n(^^ + ('^~^)] (resp. ('^~^))-dimensional 
vector bundle over P. 

Theorem 1 There are canonical isomorphisms of A-modules 



g > 0, such that diagram 



->A 



1-0 















kq ■ ^0 






n > A„_i 




-^0 



(7) 







-^0 



commutes, where Lq := @gLo,q, l '■= '•g and k ■= ®qkq- 

Proof. Let g > 0. First of all, denote by kq '■ Eq~^''^ — ^ ^1'^ the already mentioned 
natural isomorphism (IHl) and notice that for any u G A^+"~^ and Yi, . . . , G VD, 
(iy-j o ••• o iYq_i){uj) G A". Therefore, it is well defined an element Lo^q{uj) G by 
putting Lo,q{uj){Yi, . . .,Yg^i) := (iy^ o ■ ■ ■ oiy^_J(c^) G A", Yi, . . . G VB. Moreover, 

the correspondence A^"*" 



n— 1 



3 uj I — > L'0,qi^) ^ ^0 isomorphism of A-modules. 

Indeed, let tu G A^+"-i and (zy, o ■ ■ ■ o iy,_J(cj) = for all Fi, . . . , Vi ^ '^D, then 
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1^ € A^^" ^ = 0, so that io,g is injective. Moreover, A^"*"" ^ and f2g are locally free 
A-modules of the same local dimension. We conclude that 

'■0 '■= ®q^O,q '■ An > VIq 

is a canonical isomorphism of A-modules as well, sending A^+"~^ into Q^, q >0. Finally, 
if u; G A^"*"""^ is locally given by 

uj = Ua^.^a.^^dy"' ■ ■ ■ dy''''~'d''x, 

then lq^u) G Qq is locally given by to{^) = ^ai...aq.id^y"'^ ■ ■ ■d^y""'-^ d'^x. 
Now, for u G AltT^ and V G C put 

.,M(V):=p^v^'"H. 

If u is locally given by 



UJ = UJ„ 



i,...ady^' ■ ■ ■ dy'^-'d^-'x, + u;a,...a,.,dy-' ■ ■ ■ 



then 



^a,...a,_.42/"^ ■ ■ ■ dly^^~-d-x + oo'dly'^' ■ ■ ■ d^y^^d^-'x. 



a\...aq 

■n—1 



+ vf 4^/'^^ ■ ■ ■ 4r= ■ ■ ■ dly^^dx^d 



X. 



where a cap " ^" denotes omission of the factor below it, and a;'''" ^ G A(P) is a suitable 
form such that p^^'"(co''?'"~^) = 0. Therefore, locally 

= b(-)''"'^L,...a,_, + u;.,....,.,]^^ V ■ ■ ■ A"-^ ® c^-x. (8) 

This shows simultaneously that iq{oj) is afiine, that it is in and that iq is injective. 
Since A^^" and are locally free A-modules of the same local dimension, then the 
correspondence iq : ^ ^ ' — hi'^) ^ isomorphism. Commutativity of 

diagram (JT]) immediately follows from local formulas (l6|) and ([8]) . ■ 

Notice that isomorphism l generalizes considerably the well known isomorphism 
A^i^Aff^(C,A") |6]. 

Finally, let tt : ii^ — > M be a fiber bundle and . . . ,q^, . . . fiber coordinates on E. 
Notice that n^(E,7c) (resp. Q}{E,7i)) is the C°°(ii^)-module of sections of a vector 
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bundle fion : — > E (resp. TqTT : j'^n — > E). Recall that there is a distinguished 
element 9 in VL^{^tx^ jji-n) (resp. 6 G J^tt, t'^tt)), with /ivr := vr o /igTr (resp. t'I'tt : = 
TT o TQTr), the tautological one [6J, which in standard coordinates 

. . . , X*, . . . , g"^, . . . . . . ,p 

on (resp. . . . , x*, . . . , g"^, . . . , p^, ... on .Pa) is given by 

e = p\dq^<r-^Xi - pc/"x (resp. 6 = p^d^q"^ ® d'^-^Xi). 

3 AfRne Form Calculus 

3.1 Natural Operations with AfRne Forms 

In this section we derive the main formulas of calculus on aflfine forms. Such formulas 
will turn useful in generalizing proofs from the context of hamiltonian systems to the 
context of PD-hamiltonian systems (see Section [5]). 

Let a : P — > M be as in the previous section. Isomorphism l (resp. lq, l) can be 
used to "transfer structures" from A„_i (resp. A„, Eq~^) to f2 (resp. Hq, fi) and back. 
As an instance, notice that fl has got a natural structure of A(P)-module given by 

At? := i{Xuj), 

A G A(P), i!} = l{uj) E Q, u E A„_i. Moreover, fl is generated by ^2" as a A(P)-module. 
Similarly, A„ (resp. -Eq ^) has a structure of VA-module given by 

A^c^o := ^o\^^P^ ® I') (resp. X^u := ® a)), 

A^ G Vk, ujQ = Lq^{p^ ® ly) (resp. lj = L~'^{p^ cr)), G VA, G A" (resp. a G 
A"-i), so that ® z/ G VA ®^_A" = fio (resp. ® a G VA ®^ A"-^ = fi). Clearly, A„ 
(resp. Eq~^) is generated by A" (resp. A"~^) as a VA-module. Finally, the presented 
structures are compatible in the sense that for uq G A„, uj G A„_i and A G A(P), we 
have 

A^tuo = Xujq and Xu = X^u. 

As a last instance of how to use isomorphisms in (JT]) to transfer a structure from one 
space to the other we define the insertion of a connection V G C into a differential form 
a; G A„ as follows 

t^uj := 6o^(^(V)) = (6o^ op^-i'")(c.) G A„, 

= l{u) G Q. Notice that the just defined insertion of a connection in an element 
u; G A„ has been already discussed in [33]. In the following we will always understand 
isomorphisms l, Lq, l. 

Notice that VL inherits many operations from VL. Indeed, let V G C, Z G A^ ®a VY) C 
A(P) ®A D(P), F G yD, X G Dv, g > 0. Then 
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• iz(^) C Qo and iz{^o) = so that an operator, which, abusing the notation, we 
again denote by : O — > Qq, is well defined via the formula 

izLO :— izOJ G JIq, 

a; e n. Moreover, it is easy to show that 

Finally, for Z = (g) Fi, and a; = (g) (t, e P, Fi G VD, e VA^ and 
cr e A"~^, we have 

• iyiP) C O (resp. Lx{^) C O) and iy(f2o) C f2o (resp. Lx(f^o) C VLq) so that 
the quotient map, which, abusing the notation, we again denote by : Q — ^ 
(resp. Lx : ^ — > 0), is well defined via the formula 

iyui :— iyOJ e ^1 (resp. Lxuj_ = Lx^jJ G 

Finally, for u^p^®a,p^e Vh.i and a e A'*"\ we have 

iy^i = IyP^ ® cr. 

• d\r{fl) C Ho and rfv(^o) = so that an operator, which, abusing the notation, we 
again denote hy : fl — > flo, is well defined via the formula 

uj eVt. 

Remark 2 Notice that the insertion iyuj, being affine in V, is actually point wise, i.e., 
ifV E C is such that Wy — 'V y E C\y = ailly) for some y E P, then {i\^iU!)y = {i\juj)y. 
Therefore, the insertion icUJ,, of an element c G afo(?/), y E P, into cUy is well defined. 
Similar considerations apply to both the above defined insertions iz and iy. Finally, 
for all y E P, the projection Q — > Q as well determines a well defined linear map 
3 ujy I — > LUy E fl\y whose kernel is QqI?/- 

In the following we will denote hj 6 : Q — > Q (resp. So : — > Qq) the restricted 
de Rham differential, i.e., for a; E fl (resp. Uq E Qq), 6u! := duj E fl (resp. SquJo := 
dcuo E fto) and with 5 : Q — > ft the quotient differential. Then, for — <^ Oi*{i'o) 
(resp. a; = ® Q;*((7o)), E VA, E A"(M) (resp. (Jq E A"-1(M)), we have 

6oUJo = dy ® oi*{vq) (resp. 5ui = d^ p"^ ® Q;*(cro)). 
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In other words So (resp. S) is isomorphic to the differential ®id : VA^^g A"(M) — > 
VA 0Ao A"(M) (resp. d^^id: VA ®Ao A"-1(M) — ^ VA ®Ao A"-1(M)). 

All the above mentioned formulas can be proved by straightforward computations. 

Now, let V, Y and X be as above, denote by |-, ■] the Frolicher-Nijenhuis bracket in 
A(P) ®A D(P). It is easy to see that lH^,X] e A^ ®a VB C A(P) 0a D(P). It holds 
the following 

Theorem 3 Let lu E ^l, then 

[zv, S]uj := o 5 — 5o o i^)uj = d^uj E VIq, 

[Zy, iyjcj := (iy O Zy — Zy O Zy)^^ = E ^If), (9) 

[iy, Lx]uj := (iy o Lx - Lx o iw)^ = «[Hv,x]t^ e fio- 
Proof. First prove that iy : — > Qq satisfies the "Leibnitz rule" 

iy(Acj) = A • iyCJ + i^v-^ ■ (10) 

Xe A{P),uj eQ. For p G A(P), denote p^^ := EgPv^(p)) so that p = EpPv^- Notice 
that for a; G and A G A(P), we have u = tUy" + so that 

/ \ \ . »,n/\ \ -v Z,0 »,n I A •,! •,n— 1 -v • , •.n— 1 

Zy^ACUj = py (AtUj = Ay CUy +AyCJy =A-ZyCJ + Ay "CUy 

Moreover, ^/^^A = Xlp^i^v-^v^ ~ XlpP-^v^? which in turn implies Ay'' = ^^v-^ ~ 
Yjp>iP^y^- Therefore 

zy(Aci;) = A ■ iyu; + Ay"^ ■ cjy"""^ 

= X-l^UJ + lH^X-UJy - 2^p>lPAy CJy 

= A ■ i\juj + iH^X ■ ijj. 

In view of ( fTOl l. the above defined operators [^y,^], [2y,2y], [2y,Lx] : — > ^^o, satisfy 
analogous "Leibnitz rules" 

[zy,5](Au;) = rfyA ■ OJ + (-)'A ■ [zy,5](u;), 

[zy,iy](Ac^) = A ■ [iy,Zy](u;), (11) 

[2y,Lx](At^) = i|j^^_x]A ■ + A ■ \%y,Lx\{yi). 

Since is generated by A"~^ as a A(P)-module, in view of (ITTl) . it is enough to prove 
ji) for u; G A"-^ In this case 

[iy , S\uj = isjduj = (du)^"' = dsjui-, 

[iy,iy]t^ = 0, 

[iy, Lx]a; = iyLxo; = (Lxa;)y" = = zi^v.^jt^- 
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We now discuss the interaction between afRne forms and bundle morphisms. Let 
a' : P' — > M be another fiber bundle and G : P — > P' a bundle morphism. Clearly, 
G preserves the ideals Ap, p > 0, i.e., G'*(Ap(P', a')) C Ap(P, a). In particular, 

G*{yL{P\a')) C fi(P,a) and G^Vt^^P' ,a')) C ^^o(^,a). 

We conclude that the quotient map which, abusing the notation, we again denote by 
G* : VL{P',a') — > 1](P, a), is well defined. Now, consider G-compatible connections 
V e C(P, a) and V G C(P', a'). It is easy to show that 

G* o iv' = i^oG* : n{P', a') — > no{P, a). (12) 
3.2 Cohomology 

Remark 4 (^see [4^ ) In the following we denote by T the abstract fiber of a. Notice 
that, for any q > 0, VH'^ = VH%P,a) := H''{VA,d^) is the Ao-module of sections 
of a (pro-finite) vector bundle a'^ : P^ — > M over M whose abstract fiher is if'^(JF). 
Moreover, a'^ is endowed with a canonical flat connection V (V is a smooth analogue 
of Gauss-Manin connection in algebraic geometry). Correspondingly, there is a de Rham 
like complex 

¥ Ap-1 VH^ — — ^ AP ® Ao vm ^ — ^ ■ ■ ■ , 

whose cohomology we denote by El'" := 0pSf'^ := Hp{A{M) O^o IM.^ 

q > 0. It can be proved that, if a is trivial or M is simply connected, then there is a 

(generically non- canonical), isomorphism 

El'" ^ H'P{M) ® H\J^), p,q>0. 

Finally, notice also that, for any q >0, 

H\n,5) ~ A"-^(M) VH". 

Proposition 5 Let a : P — ^ M be a fiber bundle. Then, for any g > 0, there exists a 
short exact sequence of vector spaces 

> coker d1'"-^ > H'^iyt, 5) > ker rf^''' > . 

In particular, H'^{Q, 6) ~ coker d^'"^^ © ker d^^^'" = E^'"'^ © ker dl~'^'". 

^Similarly as above, this last notations are motivated by the fact that the differentials d*'' (resp. the 
vector spaces E'''') are the ones in the first term (resp. are rows of the second term) of the (cohomo- 
logical) Leray-Serre spectral sequence of the fiber bundle a |l3] . 
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Proof. Consider the short exact sequence of complexes 

>^ ^^1 ^0 , 

and the associated long sequence in cohomology 

>H'i-\Q,6)^^Hi{no,6o) >H%n,6) > H^in^d) ■ ■ ■ . (13) 

We already commented, in the above remark, that, for any g, H'^^Qq, 6o) identifies with 
A"(M) ®Ao VH'i and H^{n,S) identifies with A"-i(M) VH". Similarly, it is easy to 
show that the connecting operator 

identifies with the de Rham-like differential 

The thesis then follows from exactness of (fT3l) . ■ 
Corollary 6 If is connected, then H^{il,6) ^ ker d^J^, 

dlJ^ : A"-\M) — > A"(M) 
being the last de Rham differential of M . 

Proof. If is connected VH^ ~ Aq and identifies with d'^J^. ■ 

Corollary 7 Let q > and u & Qfl he S-closed, i.e., Su = 0. Then, 1) if q = 0, u is 
locally of the form a*{ri) for some rj G A"'~^(M), 2) if q > 0, then uj is locally 6-exact, 
i.e., UJ is locally of the form 66, 6 being a local element in 

Proof. If J" is contractible, then VH'' = 0, and therefore H''{il, 5) = 0, for all g > 0. ■ 

Let u & Q and 6 E Q he such that u = 69. Then 9 will be called a potential of u. 

4 PD-Hamiltonian Systems 

4.1 PD-Hamiltonian Systems and PD-Hamilton Equations 

In this section we introduce what we think should be understood as the partial differen- 
tial, i.e., field theoretic analogue of a hamiltonian (mechanical) system on an abstract 
symplectic manifold. 
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Let a : P — > M be as in the previous section and G '^{P-, a) be such that buj = 0. 
Put 

keiu := {Y eVB] iyu = 0}, ker^ := {Y E VB \ iyuj, = 0}, 
Keiu := {V G C I i^cu = 0}, Keiu := {Z G VB 0a | izui = 0}. 

Since is closed, both keruj and kera; are modules of smooth sections of involutive 
a-vertical distributions D'^ and on P, where, for y E P, 

:= e VyP I zgo;, = 0}, := {i E VyP \ t^u^ = 0}. 

Similarly, Kero; is a sub-module in VD A^. As a minimal regularity requirement, 
assume that has got constant rank r. Then, it is easy to check that, as a consequence, 
Keru; is the module of sections of a smooth vector bundle zu : W — > P. For y E P, 
denote r{y) = dimD^ . In general, r{y) will change from point to point y E P. However, 
we are proving in brief that r{y) cannot change that much. First of all, since, obviously, 
D'^ C D"^, then r{y) < r for all y E P. Now, for y E P, denote 

Kero'j^ := {c G a^l{y) \ ic^y = 0}. 

Then, Kera;^^ is either empty or an afiine space modelled over zu^^{y). It holds the 

Proposition 8 For any y E P, r — r{y) < 1 (see also Theorem 4 of J2^). 

Proof. Let y E P and suppose rijj) < r. If ^ G then (see Remark[2]) i^Uy = i^Uy = 
so that i^ujy E Ql\y = A"|j^. Then consider the map •jy : 3 ^ i — > lyiO •= H^y ^ 
A"|y. Since r{y) < r, 7^ is surjective and the sequence of vector spaces — > Dy — > 

—y ^"If — ^ ^ exact. Since N^\y is 1-dimensional, it follows that r — r(y) = 1. ■ 
The following proposition characterizes the case r{y) = r. 

Proposition 9 Let uj he as above. Then r{y) = r iffKerUy 7^ 0. 

Proof. The result is nothing more than an application of the Rouche-Capelli theorem. 
We here propose a dual proof. Let ^ G VyP be given by ^ = (.""daly. Then ^ G Dy iff 

^Uy)C = 0, a = l,...,m, i = l,...,n. (14) 

Similarly, ^ G Dy iff they are satisfied both ( fT4l ) and 

ooa{y)C = 0. (15) 
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Therefore, = iff Equation ( fTSll linearly depends on Equations f fT4ll . i.e., iff there 
are real numbers h'^, b = 1, . . . ,m,i = 1, . . . ,n, such that 

a = 1, . . . ,m. Now, let c G ajfod/) be given by yi{c) = —\h^. Then icUJy is given by 



y 



i,Uy = {-2ul^{y)y-^{c)+uJa{y))dy''d^x 
= -U,{y)h1-co,{y))dyVx\y 
= 0. 



Definition 10 A PD-prehamiltonian system on the fiber bundle a : P — > M is a 
S-closed element uj G f2^(P, a). A PD-hamiltonian system on a is a PD-prehamiltonian 
system uj such that kero; = (and, therefore, keioo = as well). 

Let 9 e il^ he locally given by ^ = 9l^dy°-d^~^Xi — Hd^x, . . . , . . . , if being local 
functions on P. Then 69 is locally given by 

69 = d^Jl^dy^dy'd'^-^x, - {daH + dfii)dy''d^x. 

Similarly, let uj eVL^ and Y G VY) be locally given by u; = u!li^dy"-dy^d'^~^Xi + Uady'^d^x 
and Y = Y°'da, respectively. Then 6uj, iyoj and iyui are locally given by 

6uo = d[auji^]dy'^dy^dy''d''-^xi + {diuo]^^ + d[aUJb])dy''dy^d''x, 

iyUJ = 2ujihY''dy''d''-^Xi + UJaY^d^X, 

so that a; is a PD-prehamiltonian system iff 

= 0, diulh + diaUJb] = 0, (16) 
or, which is the same (see Corollary [7]) , 

UJ:, = d[a9l^, UJa = -daH - d,9l (17) 

for some . . . , 9^, . . . , H local functions on P. Moreover, is a PD-hamiltonian system 
iff 

col^Y" = ^ F'^ = 0. (18) 

In its turn ( ITSl) implies iVa = ^Ibfi some . . . , f^, . . . local functions on P (see the 
proof of Proposition [9]) . 
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Let be a PD-prehamiltonian system on a, a : U — > P a local section of a, 
[/ C M an open subset. The first jet prolongation a : U — > J^a of a may be 
interpreted as a "connection in a along a", i.e., a section of the restricted bundle ai,o|<T : 
J^a\a — > M. Moreover, elements in VL\„ may be interpreted as affine maps from C\a- to 
f^oU - VK\„ ®Ao A"(M) whose linear part is in ~ VA\^ A""H^)- Namely, an 
element G C\„ can "be inserted" into an element p\„ G i^l^r, p G fi, giving an element 
i()p\a- G i^olcr- Thus, we can search for local sections a of a such that 

iMo = (19) 

Definition 11 Equations ( flPI) are ca//ec? the PD-Hamilton equations (of the PD- 
prehamiltonian system u). 

If u is locally given hj u = u!lf^dy°'dy^d"'~^Xi + Uady'^d'^x, then the associated PD- 
Hamilton equations are locally given by 

2uji,diy'' -u;b = 0. (20) 

Conversely, a system of PDEs in the form (1201 ) is a PD-Hamilton equation for some 
PD-prehamiltonian (resp. PD-hamiltonian) system iff coefficients . . . , cu*^, . . . ,Uh, ■ ■ ■ 
satisfy fflGl) (or, which is the same, (fTTI) ) (resp. (fT6l) and (fTSl) ). Notice that, in view of 
(l20ll . a general PD-prehamiltonian system u encode "kinematical information", which 
can be identified with u, and "dynamical information", which can be identified with the 
specific choice of u in the class of those PD-hamiltonian systems with linear part u (see 
the comment at the end of Section [273l Remark [T7l and Example [TSl) . 

Searching for solutions of PD-Hamilton equations of a PD-prehamiltonian system u, 
we could proceed in two steps: 

1. search for a connection V G Kercj, 

2. search for n-dimensional integral submanifolds of the horizontal distribution H^P. 

However, a solution to the first step of the above mentioned procedure exists iff 
kera; = kera; which is not always the case. Therefore, in general, we are led to weaken 
[T] and search for connections V in a subbundle P' C P such that i^iu\p' = 0. As 
showed in the next proposition, there is always an "algorithmic" way to find a maximal 
subbundle a : P — ^ M of a such that the affine equation i'^ulp = 0, V G C{P,a) 
admits at least one solution. We will refer to the above mentioned "algorithm" as the 
PD-constraint algorithm (see also [211 [34l[35l[36l[37]V 

Proposition 12 Let uj be as above and Keru; = (i.e., Dy ^ Dy for some y E P). 
Under suitable regularity conditions on oj (to be specified in the proof), there exists a 
(maximal) subbundle P G P such that iyculp = for some V G C{P,a). 
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Proof. For s = 1, 2, . . . define recursively 

P(,) := {y e P^s-i) I Keiujy H (a(s-i))r^(l/) ^ 0} C P, 
a(s) ■= a|p(,) : Ps — ^ M, 

where P(o) := P, «(o) := a (in particular Pi = {y E P \ r{y) = r}). We assume that 
tt(s) '■ P(s) — ^ M is a smooth (closed) subbundle for all s (regularity conditions). Then, 
for dimensional reasons, there exists s such that P(s) = P(s) for all s >s. Put P := P(s). 
■ 

a := : P — > M will be called the constraint subbundle. Notice that P can be 
empty (for instance when r{y) = r — 1 for all ?/ G P) and, in this case, PD-Hamilton 
equations do not possess solutions. 

Corollary 13 Let u be a PD-prehamiltonian system on a and o a solution of PD- 
Hamilton equations. Then imcr C P. 

Proof. By induction on s, imcr C P(s) for all s = 1, 2, . . .. ■ 

The converse of the above corollary is, a priori, only true for n = 1. Namely, we 
may wonder if for any y E P there is a solution a of PD-Hamilton equations such 
that y G imo". We know that there is a connection V in P which is "a solution of 
PD-Hamilton equations up to first order", i.e., i-^uj\p = 0. ra-dimensional integral 
manifolds of the horizontal distribution H^P determined on P by V are clearly images 
of solutions of PD-Hamilton equations. If n = 1, V is trivially fiat and Frobenius 
theorem guarantees that for any |/ G P there is a solution "through y". The same is a 
priori untrue for n > 2. Integrability conditions on H^P will be discussed elsewhere. 

Clearly, standard examples of PD-prehamiltonian systems come from Lagrangian field 
theory. Let us briefiy recall how. Let n : E — > M be a fiber bundle and consider a 
lagrangian density =Sf G A"( J^vr, tti). =Sf determines two Legendre transforms (see, 
for instance, [5]) which we denote by P=Sf : J^n — > ^tc and P^ : J^n — > .Pti. 
Consider the submanifold Co := im P=Sf C J^vr of primary hamiltonian constraints of 
the lagrangian theory. P=Sf factorizes as P=Sf = M' o P=Sf , : Cq — ^ being the 
hamiltonian section. Then cu^ := P=Sf*((56) (resp. J^*{6Q)) is a PD-prehamiltonian 
system in tti (resp. in Cq — > M). Moreover, as it is well known [3], if s : M — > E 
is a solution of the Euler-Lagrange equations, then s : M — > J^tt (resp. o s : 

M — > Cq) is a solution of PD-Hamilton equations of (resp. J^*{6<d)). 

4.2 PD-Hamiltonian Systems and Multisymplectic Geometry d 
Id Forger 

Forger and Gomes have recently proposed a definition of multipresymplectic structure 
on a fiber bundle [25]. Their work aims to define such a structure so that 1) the differ- 
ential dQ of the tautological n-form 9 on the affine adjoint bundle of the first jet bundle 
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(see the end of Section [273ll is multisymplectic 2) every multipresymplectic structure is 
locally isomorphic to the pull-back of 9 along a fibration (Darboux lemma). Since, 
in our opinion, I) [25] is the best motivated and established work about fundamentals 
of multisymplectic geometry, II) abstract fiber bundles play in [25] a similar role as in 
this paper, we analyze in this subsection the relationship between PD-prehamiltonian 
systems and multipresymplectic structures d Id Forger, referring to |25| for the main 
definition. Here we just mention two of the main results of [25] (which can eventually be 
understood as definitions of polypresymplectic structure and multipresymplectic struc- 
ture on a fiber bundle, respectively) 

Theorem 14 (Forger and Gomes I) Let a : P — > M he a fiber bundle, . . . ,x\ . . . 
local coordinates on M, i = l,...,n = dimM and a; e O^. uj_ is a polypresym- 
plectic structure on a iff, around every point of P, there are local fiber coordinates 
. . . , g^, . . . ,p\, . . . , . . . , , A = 1, . . . ,m, i = 1, . . . ,n (so that dimP = n + m + 
mn + s) such that lo is locally given by 

uj = d^Ad^l^ ® d^'-^Xi. 

Theorem 15 (Forger and Gomes II) Let a : P — > M be a fiber bundle, . . . ,x\ . . . 
local coordinates on M, i = l,...,n = dimM, and u E Q"^ . uj is a multi- 
presymplectic structure on a iff, around every point of P , there are local fiber coor- 
dinates . . . , g^, . . . , p\, . . . ,p, . . . , , A = 1, . . . ,m, i = 1, . . . ,n (so that dim P = 
{n + l){m + 1) + r ) such that uj is locally given by 

u = dp^dq^d^'^Xi - dpd'^x. 

Proposition 16 Let uj be a PD-prehamiltonian system on a. The following two con- 
ditions are equivalent. 

1. io is a polypresymplectic structure and r{y) = r — 1 for all y G P. 

2. UJ is a multipresymplectic structure. 

Proof. Recall that, in view of Proposition [5], u; is locally 5-exact. Suppose uj_ is 
polypresymplectic and riy) = r — 1 for all ?/ G P. Then r > and, in view of 
Theorem [HI (around every point in P) there are a-adapted local coordinates 

rf^ rf^ y— 

. . . , , . . . , y ; • • • ; 1 ^ 1 ^ 1 ■ • • 1 ^ ) 

such that, locally, = rf^p^d^g^ ® d^'^Xi (in particular, keru; is locally spanned by 
. . . , d/dz'^ , . . .). Therefore, a; = dOj), where Qs) := p\d^q^ ® d^~^ local element of 

Vl} . A general (local) potential of uj is then 6' G Vt^ such that & = Oq + d^u, v being 
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a local element in Q = A" ^. The (local) potential 9 := 6' — Su is locally in the form 
9 = p\dq^d"'~^Xi — pd"'x, where J9 is a local function on P. Therefore u is locally given 
by 

u = dp^dq^d"^ ^Xi — dpd"^x. 

keiLU is locally spanned by those local elements in kerc^; such that Y°'-^ = 0. 

Since kertu ^ kercj, then §^dz^ ^ 0. Let, for instance, be ^ 7^ 0. Then 
. . . , X*, . . . , g^, . . . ,p\,p, z^, . . . , z-~^ is a new local coordinate system on P. In view 
of Theorem [15], uo is then multipresymplectic. 

On the other hand, let u be multipresymplectic. Then u is polypresymplectic. More- 
over, (around every point in P) there are a-adapted local coordinates 

...,x\...,q^,...,p^A,...,p,z\...,z' (21) 

such that, locally, u = dp\dq^d'^~^Xi — dpd^x and a; = (i^p^d^g^ ® d^'^Xi. This shows 
that for all y E P, 

D'^ = ( ) ^ D'^ = ( ) 



Remark 17 Let u be a PD-prehamiltonian system. First of all, notice that, if u is a 
multipresymplectic structure then, in view of PropositionlTR PD-Hamilton equations of 
uj do not possess solutions. In this sense, multipresymplectic structures do not contain 
any dynamical information. 

Now, the proof of Proposition [76l also shows that if u is a polypresymplectic structure 
and keiuj = kero; then 00 is locally in the form 

u = dp^dq^d'^'^Xi - dHd'^x 

0, a = 1,2,..., i.e., H is constant along the leaves of the distribution 

Example 18 Let uj ^ Vt^ be a multisymplectic structure on a. In this case kertu = 0, 
while is a 1-dimensional (involutive) distribution. Leaves of are submanifolds 
in the fibers of a. denote by P the set of leaves of Df . There is an obvious projection 
a : P_ — > M . Suppose that a : P_ — > M is a smooth fiber bundle and p : P — > P_ 
a smooth submersion (which is always true locally). There is a distinguished class of 
(local) PD-hamiltonian systems on a. Indeed, let U C P be an open subbundle and 
M' -.V — ^P a local section of p. Then uj' := J^*{uj) G n^{U, a) is a PD-hamiltonian 
system. In particular, if we choose coordinates on P as in f21\) (here r = 0), then 
. . . ,x\ . . . , q^, . . . , p^, . . . are coordinates on P, Jf is given by 

J^*ip) = H, 



where ^ 
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H being a local function on P, and u' is locally given by 

uj' = dp\dq^cr~^Xi - dHd'^x, 

in particular 9' := p\dq^d"'~^Xi — Hd^x is a local potential of uj' . Finally, PD-Hamilton 
equations of uj' read 

A ^ dH_ 
„i ^ _dH 

which are de Donder-Weyl equations (see, for instance, J^). 

4.3 PD-Hamiltonian Systems and Variational Calculus 

We show in this subsection that PD-Hamilton equations are locally variational. First 
of all, an element 9 E fl^ may be understood as a (fiber-wise affine) horizontal n-form 
over J^a, i.e., as an element =Sf^ G A"'{J^a,ai) via 

:= ic9y, c e J^a, y = ai,o(c) G P. 

In its turn is a 1st order lagrangian density in the fiber bundle a determining 
an action functional which we denote by 5*^ = / =Sf^. If 9 is locally given by ^ = 
9li^dy"'d^~^Xi — Hd^x, . . . , 91^, . . . , H being local functions on P, then =Sf^ is locally given 
by =Sf^ = L^d"'x, where is the local function on J^a given by 

L' = {9ly',-H). 

In particular, ii 9 = 6^ for some z/ G = A"^^ locally given by z/ = z/*c?"~^Xi, then 

L' = {d, + y1d,y, (22) 

i.e., is a total divergence. 

Proposition 19 Let uj ^ Vt^ be a 6-exact PD-prehamiltonian system. Then PD- 
Hamilton equations of uj coincide with Euler-Lagrange equations associated with the 
action := / =Sf^, where 9 E Q} is the opposite of any potential of uj, i.e., —69 = uj. 
Moreover, if H^{Q,6) = then is independent of the choice of 9 and does only 
depend on uj. 

Proof. The first part of the proposition can be proved in local coordinates. Indeed, 
compute variational derivatives of , 

= ynd,9\ - da9l) - daH - d,9\ 
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where we used f flTll . To prove the second part of the proposition, use f l22l ) to conclude 
that, for uen\ SL^'^/Sy'' = 0. ■ 

Remark 20 Condition H^{Q,6) = depends on the topology of the fiber bundle a. It 
is satisfied, for instance, if H'^{M) = and H^{J-') = 0, being, as above, the abstract 
fiber of a. Indeed, if H^{!F) = then II^{Q,S_) = so that, the first part of the exact 
sequence ( fT^i reads 

^n — 1 

^ H^{n, 6) ¥ A"-i(M) A"(M) ¥ H\Q, 6) > 

and H\n,6) ~ i7"(M) = 0. 

5 PD-Noether Symmetries and Currents 
5.1 PD-Noether Theorem and PD-Poisson Bracket 

The multisymplectic analogues of hamiltonian vector fields and Poisson bracket in sym- 
plectic geometry have been longly investigated [7l |8l [H [TOl [TT], [39] . We here propose the 
natural definitions for general PD-hamiltonian systems. Notice that, even if they look 
formally identical to (or possibly less general than) the ones proposed in [71 [9l [TOl [TI]. 
our definitions have actually got a dynamical content, not only a kinematical one (see 
Remark dTj), so that, for instance, we can prove a PD- version of (hamiltonian) Noether 
theorem. That's why, e.g., we will better speak about PD-Noether symmetries rather 
than hamiltonian (multi) vector fields [H]. 

Let a; be a PD-prehamiltonian system on the bundle a : P — > M. In the following 
we assume a to have connected fiber. 

Definition 21 Let Y G V^D and f G ^f. If iy^ = Sf, then Y and f are said to 
be a PD-Noether symmetry and a PD-Noether current of uj (relative to each other), 
respectively. 

Denote by ^{uj) and ^{u) the sets of PD-Noether symmetries and PD-Noether cur- 
rents of u, respectively. A PD-Noether symmetry Y (relative to a PD-Noether current 
/) is a symmetry of uj in the sense that 

Lyuj = iySu + diyoj = 66 f = 0. 

The next proposition clarifies in what sense a PD-Noether current is a conserved current 
for UJ. 
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Proposition 22 (PD-Noether theorem) Let Y e yiuj) and f G ^(cj) be a PD- 
Noether symmetry and a PD-Noether current of uj relative to each other. Then (J*{f) e 
A"^^(M) is a closed form for every solution a of PD-Hamilton equations. 

Proof. First of all, let q & Q} and r be a (local) section of a. It is easy to show (for 
instance, using local coordinates) that t*[q) — if^|r G A"(M). Then 

da*{f) = a*{df) 
= a*(5/) 

= i&5f\a 
= iY\Ja'^\a 

= 0. 

■ 

We are now in the position to introduce a Lie bracket among PD-Noether currents. 

Proposition 23 Let Yi,Y2 G ^(c^) be PD-Noether symmetries relative to the PD- 
Noether currents /i,/2 G '^(t^;), respectively. Then [Yi,Y2] G --^(w) and f := G 
^(a;) and t/iey are relative to each other. Moreover, f is independent of the choice of 
Yi among the PD-Noether symmetries relative to the PD-Noether current fi . 

Proof. Compute 

SLY^f2 = LYiSf2 

= '^[^1,12]'^ + iviLviU; 

Now, let V G kero;. Then = ivSf2 = iv'iY2^ = 0- This proves the second part of 
the proposition. ■ 
Let Yi,Y2, fi, f2 be as in the above proposition. 

Proposition 24 The W-bilinear map 

^{cu) X ^{uj) 3 (/i,/2) ^ {/i,/2} := LyJ2 e Hiuj), 

Yi being a PD-Noether symmetry relative to fi, is a Lie bracket. 
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Proof. Let Y2 G ^{uj) be a PD-Noether symmetry relative to /2 G ^{u). Skew- 
symmetry of {■, ■} immediately follows from the remark: 

{flj2} = LYj2 

= iY^5f2 + SiYj2 

= iYiiY2^- 

Now, check Leibnitz rule. Let G and /s G ^{uj) be another pair of PD-Noether 

symmetry, PD-Noether current relative to each other. Then 

{fu{f2.h}} = LYAf2.h} 

= Ly^Ly^J^ 

= L[YiX2]f3 + Ly^Ly^Jz 

= {{/l,/2},/3} + {/2,{/l,/3}}. 

■ 

PD-Noether symmetries and PD-Noether currents of a PD-hamiltonian system consti- 
tute very small Lie subalgebras of the Lie algebras of higher symmetries and conserva- 
tion laws of PD-Hamilton equations, for which there have been given fully satisfactory 
definitions and have been developed many infinite jet based computational techniques 
p]. Nevertheless, it is worthy to give Definition [2T] and to carefully analyse it, inde- 
pendently on infinite jets, in view of the possibility of developing a "(multi)symplectic 
theory" of higher symmetries and conservation laws (see, for instance, [40|). In Section 
[6] we propose some specific examples. 

Finally, notice that, in general, nor a PD-Noether current is uniquely determined by 
the relative PD-Noether symmetry nor vice versa (unless kercu = 0). However, "non- 
trivial PD-Noether symmetries" are in one to one correspondence with "non-trivial PD- 
Noether currents" in the following sense. Clearly, keru; C ^(1^) and if°(fi,5) C ^(tu). 
We will call elements in ker 00 gauge PD-Noether symmetries (see below) and elements in 
H^{yL,5) (i.e., closed (^ — 1) -forms on M, see Corollary[6]) trivial PD-Noether currents. 

Remark 25 It is easy to see that keru; and H^{Vt,6) are ideals in the Lie algebras 
y{uj) and'ffiuj), respectively. Lety{uj) := y{uj)/keruj andW{uj) := "^(cu) / H%n, 5) 
be the quotient Lie algebras. Then the map 

y{uj) BY + keiuj I — > f + H\n,6) G ¥(cu), 

where Y G ^{00) and f G ^{00) are relative to each other, is a well defined isomor- 
phism of Lie algebras. It is natural to call elements in S^{uj) and ^{uj) non-trivial 
PD-Noether symmetries and non-trivial PD-Noether currents, respectively. Indeed, el- 
ements in ker u are trivial symmetries in that they are infinitesimal gauge transforma- 
tions (see next subsection), and elements in if°(fi, 5) are trivial conserved currents in 
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that they are conserved currents for every PD-prehamiltonian system u, independently 
ofuj. 

5.2 Gauge Reduction of PD-Hamiltonian Systems 

From a physical point of view, elements in 'kciuj are infinitesimal gauge transformations 
and therefore should be quotiented out via a reduction of the system. In this section 
we assume kercu = kero; or, which is the same, Kera; 7^ 0. As a further regularity 
condition we assume that the leaves of D'^ — form a smooth fiber bundle P over 
M, whose projection we denote by 5 : P — > M, in such a way that the canonical 
projection p : P — > P is a smooth bundle. The last condition is always fulfilled at 
least locally. Notice, also, that, by construction, p has connected fiber. 

Theorem 26 There exists a unique PD-hamiltonian system cu in a such that 1) uj — 
p*{oj), 2) kero; = ker^ = and 3) a local section a of a is a solution of the PD-Hamilton 
equoMon of 00 iff p o a (which is a local section of a) is a solution of PD-Hamilton 
equations ofuj. 

Proof. Let V G C(P,5). There exists a (non-unique) connection V G C(P, a) such 
that V and V are p-compatible. To prove this, choose a connection □ in p and lift the 
planes of V to P by means of □. It is easy to show that the so obtained distribution on 
P defines a connection V in o; with the required property. Similarly, every vector field 
X e VD{P, a) can be lifted to a (non-unique) p-projectable vector field X e VD{P, a) 
such that X is its projection. Then X e Dy(P,p). Consider 77 := uj{V){X) e 9P{P,a) 
and prove that LyT] = for any Y G V^D(P,p). Indeed, let Y G VD{P,p). Then 
[Y,X] e VB{P,p). Similarly {Y, H^j G A\P,a) VD{P,p) C A\P,a) (g) VD{P,a). 
Now, VD{P,p) = kero; by construction, and therefore 

= [Ly, ix]ivi^ + ixLyiyOJ 

= i{Y,x]iv'^ + ixivLyUJ + ix[Ly, iv]<^ 

= ivi[Y,x]i^ + «x«[y,ifvF 
= 0. 

Since fibers of p are connected we conclude that 1] = p*{'f]) for a unique rj G f^*^(P, a). 
Put 

^{V){X) 

cD is a well defined element in Q'^{P,a). Indeed, let V G C{P,a) be also p-compatible 
with V and X' G VD{P,a) be another p-projectable vector field projecting onto X. 
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Then V - V e A\P, a) VD{P, p) and X' - X e VD{P, p). Therefore, 

a;(V')(^') ^ix'iv'i^ 

= ixiyou + ix'-xiy<^ 
— ixiyoj + i^ix'-x^ 
^u{V){X). 

Moreover, uj — by construction. 

Let us compute ker^. Thus, let X e VT){P,a) be such that = and X e 
VD{P,a) be as above. Then ix^o = p*(ix^) = 0. This shows that X e VD{P,p) and 
then X = 0. 

Finally, let cr be a local section of a, a := p o a, X & VD{P, a) and X be as above. 
Compute 

{i^uj\^){X\^) = i^-{i^uj)\-s 

= {a* op*){i^u) 

= (T*{ixU}) 

= ia{ixuj)\a- 

= {iaUj\a){X\a). 

This shows that iaUj\a — iff iy o^la? = 0. ■ 

Proposition 27 There are natural isomorphisms of Lie algebras 

y{uj) ~ ^(^), 

Proof. First of all let / G '^{uj) and X G ^iyj) be relative to each other. Then 
/ = P*(/) foi^ some / G n°(P, 5) and X is p-projectable. Indeed, for all Y G kera;, 

Lyf = iySf + Siyf = iyixi^ = i[Y,x]i^ = 0. 

Moreover, 

P%5f)^dp*{f)^df^ixu;^p*{i^u), 

where X denotes the p-projection of X, and, therefore, 5f — ijico, i.e., / G ^{cu) and 
X G ^{uj) is a PD-Noether symmetry relative to it. Thus, maps 

y{uj) 3X + keruji — > X e y{uj), (23) 
^iu)3 f^fe^^iu). (24) 
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are well defined. Conversely, let Xi G ^{uj), fi G '^(cu) be relative to each other, 
Xi G VD{P, a) be any p-projectable vector field, Xi G VD{P, a) be its projection, and 
:= p*(/i) G fi°(P,a). Then Xi G ^(cu) and /i G ^(cu) is a PD-Noether current 
relative to it. Indeed, 

ix.uj = p*{z^u) = p*(57i) = 5p*(7i) = 5/1. 
We conclude that (!23|l and (l2ll) are inverted by 

9 Xi I — > Xi + ker uj e ^(cu), 

respectively. ■ 

6 Examples 

6.1 Non-Degenerate Examples 

Let a : 3 . . . , x", u, Mi, . . . , n„) 1 — > G M", ri > 1. Consider 

T,V e C~(M2n+i) of the form T = T(ui,...,u„) and V = V{u), respectively. The 
form 

CO := Q^Q^ dui{ducr~^Xj — UjCTx) — V'ducTx^ 

is a PD-prehamiltonian system on a (here and in what follows a prime " ' " denotes 
differentiation with respect to u). The associated PD-Hamilton equations read 

^d,u, + r = 0, 
diU = Ui, 

which are in turn equivalent to 

+ ^' = 0' (25) 

diU = Ui, 

dfj := didj, i,j = 1, . . . ,n. Moreover, for 

det (^) ^ 0, 

a; is a PD-hamiltonian system. We will only consider this case in the following. Thus, 
put T*-' := Q^Q^, , i,j = 1, and let (Tij) be the inverse matrix of (T*-'). As 

examples notice that 
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1. ForT 



2 (7 '^UiUj , 



/-I 
1 



V 







\ 



1/ 



(resp., g"^^ = 6^^, i,j = l,...,n), (l25l) reduces to the wave equation (resp., the 
Poisson equation) with a w-dependent potential V (including the /-Gordon equa- 
tion as a particular example, if n = 2 and / = —V). 



2. For n = 2, T = ^1 + g'^UiUj, g'^ = i,j = 1,2, and V = 0, §Bj reduces 
to the equation for minimal surfaces in transversal to the projection 3 

{Xi,X2,u) I > (Xi,X2) e M^. 



Let us search for PD-Noether symmetries and currents oiu. Let Y = U-^ + Uj 
YD and / = fd'^-^Xi G Then 



iyuj = T^iUidu - Udui)cr-^Xj - {T^UiUj + V'U) d' 
Sf = difd^'x + ^fdud^'-^Xi + ^-J^dukd^-^Xi. 

Recall that Y and / are a PD-Noether symmetry and a PD-Noether current relative to 
each other, respectively, iff iyo; = 6f, i.e.. 



dif + T^UiUj + V'U = 0, 

If - rw, = 0, 



du •> 



It follows from ^ that -^p 



du 



1 n, and then 



(26) 
(27) 
(28) 



Now, 



Similarly, 
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■f 



92 



92 

duf^duj 



d d 

duf^ duj 



,n. 



02 p _ _d_ _d_ p 

du/s dui •' dui duk •' 



auiaujauf^ 



aui 
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Therefore, 



rpijdjj_rpjkdjj ^ 

dMfe dui 



Contracting with Tij we find {n — l)^f/ = and, therefore, 

U = U{x\...,x'',u), 

so that ( l28l ) can be rewritten as 



We conclude that 



r = -& + A' (29) 

for some = A'^{x^ , . . . , x"', u), i = 1, . . . ,n. Notice that (l27j) can be used to determine 
the f/j's from the /*'s via 

It remains to solve (l26l) which, in view of (l29l) . reduces to 

{^^ + - g {^^ + t/ + = 0. (30) 

We cannot go further on in solving ( l30l ) without better specifying T. In the following 
we will only consider two special cases. 

1. T = ^g^^UiUj, {g'^^) being a constant, non degenerate, symmetric matrix with 
inverse {gij). In this case f l30l ) reads 

0,A' + r't/ + {£A' - g'^d.U) u, - [g'^j-U] u,u, = 0. (31) 

The left hand side of (|3T1) is polynomial in Mi, . . . , m„. Thus, all the corresponding 
coefficients must vanish, i.e., 

lU = 0, (32) 

£A^ - g^^d.U = 0, (33) 

diA' + V'U = 0. (34) 

From ([32]), U = U{x\ . . . ,x") and, then, from ((331), £2 A' = 0, i = 1, . . . ,n, which 
in turn implies, using (l33ll again. 



A' = {g''d,U) u + B' 
for some 5* = i?*(x^, . . . , x"). Finally, ([3il) implies 

((7'^.9jf/) u + 9,5* + l^'f/ = 
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and differentiating once more with respect to u 



g'^dlU + V"U = 0. 



Since U doesn't depend on u, if 

(a) V" ^ 0. Then U = so that 

f='^d,B^\ U, = 

for some B^^ = —B^^ = B'^^{x^, . . . , x"), i.e., 

y = and / = d(3, 

P = B^''d"-~'^Xji, where d^'^xji := iQ.d"'~^Xi, i,j = l,...,n. Therefore, cu 
doesn't posses PD-Noether symmetries nor non-trivial PD-Noether currents. 

(b) V" = 0. Then V = for some constant /i and 

g'^dfjU + ijU = 0, f = g'\u djU - ujU) + \djB^\ Uj = djU, 
for some B'^ = -B^' = B'^{x\ . . . , x"). Thus, 



(3 = B^'d'^-^Xji, where U is any solution of the PD-Hamilton equation 



Let us compute the PD-Poisson bracket. Consider two solutions of (l35ll . 
say Ui, U2, the corresponding PD-Noether symmetries 1^1,1^2 and associated 
PD-Noether currents /i,/2. Then 



ou J ouj 



and / = g'^{u djU - UjU)d''-^Xi + dp, 



g'^d^M + fiu = 0. 



(35) 



{/i, /2} = LyJ2 = g'KUAU2 - U2djUi)d''-'x, 



which, as can be easily checked, is a trivial conservation law. 



2. 77, = 2, T = a/1 + S^^UiUj and V = 0. In this case ( l30l l reads 



(36) 



where r = 1 + S^^UiUj. Squaring both sides of (l36l ) we get 



r 



[{di + u 



,d_ 

'* du 



)t/]^ = o 
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whose left hand side is polynomial in ui,U2- Collecting homogeneous terms we 



All coefficient of the left hand side of ( l37l l must vanish. It follows that 

l-f/ = d^U = d^U = 0, ^A^ = = 0, d^A^ + d^A^ = 0, 
i.e., is a constant while A^ = A"^ = ~diB for some B = B{x^,x^). Thus, 

Y = U£, f = U r"^/2 {u2dx^ - uidx^) + dB. 
It is obvious that the PD-Poisson bracket is also trivial in this case. 

6.2 A Degenerate, Constrained Example 

The example in this subsection is taken from [45]. Let a : M^™"*"^ x R_|_ 3 
{q^, . . . ,q"',si, . . . ,Sm,ti, . . . , tm, s, t; e) i — > (s, t) e M^. The form 

CO := —dtadq'^ds + dsadq^dt — 5°'^{etadtfj — Sadsj3)dsdt — ededsdt, 

where e := ^{S^^tatp — 1), is a PD-prehamiltonian system on a. The associated PD- 
Hamilton equation reads 



get 



+2S^^ [6'' ilU) m) - {lA') {d,A^)] u,u,u, 

- 'b'^ + (I^A^) {£A^) - b'H^' (dkU) (diU)] u,uj 

+2 {d,A^Y{lA^)u,+ {d.Af = 0. 



(37) 








a = 1, . . . , m, which is in turn equivalent to 




i/Q, o 'Jap Qj^H 1 

Sa = ^ai3§;q^, 



Notice that is generated by while 




for e{y) ^ 
fel) for.(y) = 
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we conclude that P(i) is the hypersurface defined by 5°^tat^ = 1. It is easy to see that 
actually, P = P(i). 

Let us search for PD-Noether symmetries and currents of a;. Let Y = Q"-^ + Sa^-\- 
+ Ef^eVD and f = ads + (3dt G Then iyoo = 5/ iff 



QqcOl Ta, g^aP Sa, q^^O! q_^^(3 Q" (38) 



a = 1, . . . , m. Equations (jSH]) can be easily solved and give quite large y{uj) and '^{uj). 
Namely, 

a = C"ta + A, (3 = + B, 

and 

dCl^ + dA Q _ dCl^ ^ j_ dB 

_ dC^f \ dB_ _ dA _ s:al3 \ „ f dC^ „ _|_ \ , ^j. f dC^ , dA 
t-C/ g^ ia -r g^ dt " yd^^l J ~^ yd^^l "T Qql3 

where A,B, . . . , C", . . . , D"^, . . . , E°', . . . are arbitrary functions of the only 

Compute the PD-Poisson bracket. Let /i,/2 be PD-Noether currents determined 
by functions Ai, Bi, . . . , C", . . . and A2, B2, . . . , C^, . . . respectively. A straightforward 
computation shows that 

{/i, /2} = (C"ta + A)ds + + B)dt 

with 

^ — ^lQql3^2 ^^21)^^11 

TD r^P d 75 /^P d 75 

^ — '-■1 d^^2 - a^-Dl, 

a = 1, . . . , m. 



6.3 A Degenerate, Unconstrained Example 

Finally, we propose an example of reduction. Consider the cotangent bundle n : T*M 9 
Aidx^\(^x'^^,,,^x") I — . . . , x*^) G M and let a := ni : {x^ , . . . , x^, . . . , Aj, . . . , Aij, . . .) 3 
J^TT I — > {x^, . . . G M, M being the n-dimensional Minkowski space. As such M is 
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endowed with the metric g :— Qijdx^ ■ dx^ where 



/-I 
1 







V 



/ 



••• 1 

In the following we will raise and lower indexes using g. Let 

uj := 2dA^'^ {\Ai^jd''x - dAid'^'^Xj) 
Then a; is a PD-prehamiltonian system on tt whose PD-Hamilton equation reads 

a^At*''^] = 0, 

i,j — l,...,n, which are equivalent to Maxwell equations for the vector potential 

{dkd'')Ai - didkA^ = 0, 

Notice that 



ker to = ker to 



d d 



— \- • • ' ' aAj,,' • • • 

Therefore oj is "degenerate and unconstrained". Moreover, leaves of D'^ = Uf are given 
by ^[jj] = const. We conclude that J^tt "reduces" via 

p : — ^ T*Mxm T*M ~ M'^('^+3)/2 
[x , . . . , X , ■ ■ ■ , Ai, . . . , Aij, . . .) I > (x , . . . , X , ■ ■ ■ , Ai, . . . , Fij, . . .) 

where Fij = p*{Fij) := 2Ay^i] and cu — p*{oj), with 

S := dF'^ {\Fjid''x - dAid^'-^xj) 
is a PD-hamiltonian system on 

5 : R-(-+3)/2 3 (^1^ _ _ _ ^^n^ . . . , A„ . . . . . .) K 

whose PD-Hamilton equations read 

dkF"" = 0, 

which are Maxwell equations for the field strength. 
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